Abstract. We show that the character from the bivariant K-theory KE G introduced by Dumitraşcu to E G
homotopy classes. In Section 3, we show how to get completely positive equivariant asymptotic morphisms from the KE G -cycles satisfying our stronger conditions.
The definition of KE-theory
Throughout this article, G is a second countable, locally compact topological group; A and B are separable C * -algebras with continuous actions of G × Z/2. An action of G × Z/2 is the same as a Z/2-grading together with an action of G by grading-preserving automorphisms; we will frequently combine a Z/2-grading and a G-action in this way.
We first recall the definition KE G (A, B) . Mostly, we need a set of cycles for KE G (A, B) . Using the evaluation homomorphisms BL → B, f → f (t), we may view E as a family of G × Z/2-equivariant Hilbert B-modules E t ; an operator x ∈ L(E) is completely determined by a family of operators x t ∈ L(E t ). Besides the ideal K(E) of compact operators on E, we need the two ideals C(E) := {x ∈ L(E) | xf ∈ K(E) for all f ∈ C 0 (L)},
We have C(E) ∩ I(E) = K(E).
A cycle for KE G (A, B) is a pair (E, F ), where E is a continuous field of G × Z/2-(A, B)-modules and F is an odd, adjointable operator on E that satisfies the following conditions (for all a ∈ A, g ∈ G):
We shall need the following strengthenings of these conditions:
Lemma 2.1. Any cycle for KE G (A, B) is homotopic to one that satisfies (aKm1s) and (aKm3s). If two cycles satisfying (aKm1s) and (aKm3s) are homotopic, they are homotopic via a homotopy that satisfies (aKm1s) and (aKm3s).
We will treat condition (aKm4s) below in Lemma 2.2.
Proof. Let (E, F ) be a cycle for KE G (A, B). Then (F +F * )/2 is a small perturbation of F and hence gives a homotopic cycle (see [3, Corollary 2 .25]) satisfying F = F * . Now assume F = F * and (aKm2); then
Hence ϕ(a)(F 2 − 1) ± ϕ(a) * are the positive and negative parts of ϕ(a)(
The reformulation of (aKm3) in the previous paragraph shows that (E, χ(F )) is again a cycle for KE G (A, B) and that the linear path (E, sF + (1 − s)χ(F )) is a homotopy of cycles. Thus any cycle is homotopic to one with F = F * and F ≤ 1. Next we adapt the standard trick to achieve F 2 = 1 for KK-cycles. Let E 2 := E ⊕E op , where op denotes the opposite Z/2-grading. Let A act on E 2 by ϕ 2 := ϕ⊕0. For s ∈ [0, 1], let
Since we already achieved F ≤ 1, we also have
for all a ∈ A, and we may change the order of the three factors here arbitrarily. Therefore,
Hence (E 2 , F 2s ) is a homotopy of cycles for KE G (A, B). For s = 0, (E 2 , F 20 ) is a direct sum of (E, F ) with a degenerate cycle and hence homotopic to (E, F ).
is homotopic to one satisfying (aKm1s) and (aKm3s). If already F = F * and F ≤ 1, then the canonical homotopy from F to χ((F + F * )/2) is constant. And if also 1 − F 2 ∈ C(E), then the homotopy F 2s constructed above satisfies 1 − F 2 2s ∈ C(E 2 ) for any choice of u. If two cycles (E 1 , F 1 ) and (E 2 , F 2 ) satisfying (aKm1s) and (aKm3s) are homotopic, then we may apply the modifications above to a homotopy between them; this provides a homotopy between their modifications that satisfies (aKm1s) and (aKm3s); since the canonical homotopies from (E 1 , F 1 ) and (E 2 , F 2 ) to their modifications also satisfy (aKm1s) and (aKm3s), we get a homotopy from (E 1 , F 1 ) to (E 2 , F 2 ) satisfying (aKm1s) and (aKm3s). Hence restricting to cycles satisfying (aKm1s) and (aKm3s) does not change KE G (A, B) .
Kasparov's Stabilisation Theorem says that for any countably generated G×Z/2-equivariant Hilbert B-module E there is a G-continuous, Z/2-equivariant unitary operator E ⊕H → H. Unless G is compact, we cannot expect this unitary to be G-equivariant. Letting F 0 be the canonical isomorphism H + ↔ H − and ϕ 0 = 0, we get a degenerate cycle with underlying Hilbert module HL. Adding this cycle, we may replace any KE G -cycle (E, F ) by (E ⊕ HL, F ⊕ F 0 ). Therefore, we get the same set of homotopy classes KE G (A, B) if we restrict attention to cycles (E, F ) for which there is a G-continuous Z/2-grading preserving unitary u : E → HL. Proof. The main ideas below already appeared in [7] and as Fell's trick in [2, Lemma 3.3.3] . By [3, Theorem 3 .21], the exterior product map
Lemma 2.2. We get the same group KE
is an isomorphism. So any cycle for KE (A, B) ; and if two such cycles are homotopic, there is a homotopy of the same form.
We saw in Lemma 2.1 that we do not change the set of homotopy classes if we assume (E, F ) to satisfy (aKm1s) and (aKm3s). And we saw above that we may assume that there is a G-continuous grading-preserving unitary
is homotopic to a cycle with all the extra conditions we want.
For the passage from KE
G to E G , it is harmless to stabilise the C * -algebras A and B. Hence Lemma 2.2 says that it is essentially no loss of generality to restrict attention to those cycles for KE G that satisfy the stronger assumptions (aKm1s), (aKm3s) and (aKm4s). Furthermore, we may assume that E = H B L is the constant family with fibre the standard G-equivariant Hilbert B-module H B .
Remark 2.3. If a cycle for KE
G (A, B) is in the image of KK G (A, B) , then it satisfies more than (aKm2), namely, [F, ϕ(a)] ∈ K(E) for all a ∈ A. If KK G and KE G were equivalent, then any cycle for KE G would be homotopic to one with this extra property. I do not know, however, how to prove this.
Constructing asymptotic morphisms from KE-cycles
Let S := C 0 ((−1, 1)) with the Z/2-grading with grading automorphism γf (x) = f (−x). As a preparation, we approximate the identity map on S by Z/2-equivariant, completely positive contractions of finite rank.
Let n ∈ N.
Thus ψ 2 n,k is the unique piecewise linear function with singularities in 2 −n · {k − 1, k, k + 1} and ψ
, because f (±1) = 0. By construction, Ψ n is a completely positive map of finite rank. It is gradingpreserving because γ(ψ n,k ) = ψ n,−k , and contractive because k∈In ψ 2 n,k ≤ 1. The sequence Ψ n (f ) n∈N for f ∈ S converges uniformly on (−1, 1) (that is, in norm) to f . This convergence is uniform on uniformly continuous subsets in S.
Now let A and B be Z/2-graded C * -algebras. Let⊗ be the graded-commutative tensor product. This is functorial for grading-preserving completely positive contractions. Hence we get a grading-preserving completely positive contraction Ψ To make use of Lemma 2.2, we assume The first part of the construction is easier to write down for trivially graded A, so we assume this for a moment to explain our idea. Then S⊗ A ∼ = C 0 ((−1, 1), A) .
This map is grading-preserving, completely positive and
thus ξ n is contractive. Let ξ n+s = (1 − s)ξ n + sξ n+1 for n ∈ N, s ∈ [0, 1]. These are still gradingpreserving, G-equivariant, completely positive contractions ξ s : S⊗ A → C(H B L).
We compute the composite map Before we go on, we remove the assumption that A is trivially graded:
There is a sequence of G × Z/2-equivariant completely positive contractive maps ξ n :
Then we may also define a continuous family of maps ξ s for s ∈ L by convex interpolation between the ξ n .
Proof. We fix n ∈ N. To make the proof of complete positivity easy, we directly construct the Stinespring dilation of our map ξ n . Let
E → E be the operator that acts by 0 2 −n k 2 −n k 0 on the kth summand. This operator is self-adjoint, and it graded-commutes with the representation of A because we take ϕγ for the second summands. Thus the functional calculus for x provides a * -homomorphism S → L(E) that graded-commutes with A. Hence we get a G × Z/2-equivariant
for k > 0, and
Notice that V k is grading-preserving because ψ n,k + ψ n,−k is an even function and ψ n,k − ψ n,−k is an odd function. Since V is G-invariant as well, ξ n is G × Z/2-equivariant. The map ξ n is completely positive. Since
the map ξ n is completely contractive. Let f ∈ S and a ∈ A. If f ∈ S is even, then
Now we use that π(F ) graded-commutes with πϕ(A) to simplify π • ξ n (f⊗ a). For even f , this is equal to the π-image of 1 2 Proof. Since S⊗ A is separable, there is a sequence (f i ) whose closed linear span is S⊗ A. For the asymptotic equality we need πξ s,t(s) (f i ) = Ξ t(s) (f i ) for i ∈ N. We have norm convergence lim s→∞ Ψ A s (f i ) = f i for all i ∈ N. Since f i → 0 and Ψ A s is uniformly bounded, this convergence is uniform. Hence for each n ∈ N there is s n ∈ L such that Ψ A s (f i ) − f i < 1/n for all s ≥ s n , i ∈ N. We may assume that the sequence (s n ) is strictly increasing with lim n→∞ s n = ∞.
Since π•ξ s = Ξ•Ψ A s and Ξ is a * -homomorphism, we get π•ξ s (f i )−Ξ(f i ) < 1/n for all s ≥ s n , i ∈ N. By definition of the quotient norm in C(H B L)/K(H B L), we may find t i (s, n) ∈ L with ξ s,t (f i ) −Ξ t (f i ) < 1/n for s ≥ s n , t ≥ t i (s, n). Since f i → 0 for i → ∞, there are only finitely many i with ξ s,t (f i ) ≥ 1/2n and Ξ t (f i ) ≥ 1/2n; hence we may find t(s, n) independent of i with ξ s,t (f i ) −Ξ t (f i ) < 1/n for all i ∈ N, s ≥ s n , t ≥ t(s, n). Now choose t 0 (s) increasing and continuous with lim s→∞ t 0 (s) = ∞ and t 0 (s) ≥ t(s, n) for s ∈ [s n , s n+1 ]. If t(s) ≥ t 0 (s) for all s ∈ L, then ξ s,t(s) (f i ) −Ξ t(s) (f i ) < 1/n for all s ∈ [s n , s n+1 ] and all i ∈ N. Thus ξ s,t(s) andΞ t(s) are asymptotically equal. This implies that ξ s,t(s) is an asymptotic morphism becauseΞ t is one.
The asymptotic morphism ξ s,t(s) from S⊗ A to K(H B ) in Lemma 3.4 is also G × Z/2-equivariant, completely positive and contractive. This gives an element in
